
JOURNAL OF AIRCRAFT

Vol. 42, No. 3, May–June 2005

Computationally Efficient Analysis and Optimization
of Stiffened Thin-Walled Panels in Shear
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The computationally efficient analysis and optimum design of the buckling of stiffened, thin-walled shear panels
in aircraft structures is discussed. Namely, the postbuckling behavior of these panels is assessed using the iterative
procedure developed by Grisham. This procedure requires only linear finite element analyses, whereas convergence
is typically achieved in as few as five iterations. An algorithm developed by (A. F. Grisham, “A Method for
Including Post-Buckling of Plate Elements in the Internal Loads Analysis of Any Complex Structure Idealized
Using Finite Element Analysis Methods,” AIAA Paper 78-515, April 1978) using connect format, is compared with
empirical methods of analysis frequently used in aircraft structures and also with a refined, nonlinear quasi-static
finite element analysis. It is shown that the procedure proposed by Grisham overcomes some of the conservatism
inherent in conventional methods of analysis. In addition, the method is notably less expensive than a complete
nonlinear finite element analysis, which makes it attractive for use during initial design iterations, even though
global collapse of a structure cannot be predicted. As an illustration of the optimal design of buckled, stiffened
thin-walled structures, the Grisham algorithm is combined with a microgenetic algorithm. Important reductions
in weight are obtained within relatively few function evaluations.

Nomenclature
A = area
E = Young’s modulus
G = shear modulus
k = diagonal tension factor
Lx = length of web along the x axis
L y = length of web along the y axis
N = internal loads of structure
t = thickness of web
α = diagonal tension angle
γxy = web shear distortion
γxyc = web shear distortion component

due to compressive buckling
γxyDT = Postbuckled shear distortion component of web
εx , εy = web normal strain
εxc , εyc = web compressive buckling strain
εxDT , εyDT = web diagonal tension strain
µ = poisson’s ratio
σx , σy = web normal stress
σxc , σyc = web compressive buckling stress
σxcr , σycr = web modified critical normal buckling stress
σxDT , σyDT = web diagonal tension stress
τcr = web critical buckling shear stress
τxy = web shear stress
τxycr = web modified critical buckling shear stress
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I. Introduction

I N many aircraft structures, thin sheet structural components or
panels are designed to buckle under shear load. On buckling, the

internal loads and stresses in neighboring panels and the surrounding
structure can change significantly. Hence, detailed analysis of the
effects of buckling are important.

In the early days of aircraft design, postbuckling effects were
taken into account through the theory of pure diagonal tension
(PDT) proposed by Wagner.1,2 However, in practice PDT proved
to be very conservative. Wagner’s approach was gradually modified
to eventually become the more general approach of incomplete di-
agonal tension (IDT). The IDT approach was developed by NACA
in the 1950s, after conducting an extensive testing program to gen-
erate empirical relations. This approach, also known as the NACA
method, later became an accepted design approach used by many
aircraft manufacturers, even though the theory is still considered
conservative.

One of the factors neglected in the NACA approach is the in-
teraction of stresses in each panel element on the element allow-
ables, namely, the combination of compression and shear buck-
ling, diagonal tension, and postbuckled skin softening in shear.
As an alternative to IDT, nonlinear finite element codes can be
used to assess buckling, even though design-by-rule failure crite-
ria are more difficult to assess.3 In addition, nonlinear finite element
analyses are computationally very expensive during initial design
iterations.

In 1978, Grisham4 proposed an iterative procedure for the anal-
ysis of postbuckling behavior of thin-walled shear panels as used
in aircraft structures. This procedure requires only linear finite ele-
ment analyses, whereas convergence is typically achieved in as few
as five iterations. Grisham’s algorithm is attractive in optimization
and during initial design iterations because the computational ef-
fort required is relatively low. Some of the salient features of the
algorithm are as follows:

1) Convergence is usually achieved rapidly. Typically, as few as
five iterations are required to obtain convergence to within 2% vari-
ation between successive values of diagonal tension σxDT and σyDT .

2) Provision is made for compressive buckling in both the length
and width directions of panels, as well as shear buckling. The lat-
ter causes the development of diagonal tension, accompanied by
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associated loading of the surrounding structure and softening of the
buckled plate in shear.

3) The interaction of compression–compression and shear buck-
ling is accounted for.

4) The stiffness matrix of the finite element model is not altered
in any way to include post-buckling effects.

5) Because the self-equilibrated prestrains do not modify the stiff-
ness matrix, precisely equilibrated and compatible solutions are ob-
tained.

6) The prestrains calculated give a direct indication of the degree
of softening of the structure caused by buckling.

In this paper, the iterative algorithm developed by Grisham4 is
implemented to assess and evaluate the onset and magnitude of
buckling in thin-walled flat panels. For the sake of verification, the
results obtained using Grisham’s algorithm are compared with an
example taken from the literature, as well as with a refined nonlinear
finite element analysis. It is intended that the computational efficient
method proposed by Grisham be used during initial design iterations,
as well as during computational demanding structural optimization
iterations. An initial investigation into optimization then offered. In
doing so, the Grisham algorithm is combined with a micro genetic
algorithm. Allowable stresses are accommodated using a simple
penalty formulation. It is demonstrated that few function evaluations
suffice in improving initial designs.

II. Grisham Algorithm
For the sake of clarity, the iterative algorithm of Grisham is only

briefly outlined and summarized here; for details, the reader is re-
ferred to the original work by Grisham.4

1) Calculate the internal loads Ni of the structure under consider-
ation, using a linear finite element analysis. The stiffness matrix of
the linear finite element analysis is calculated once only and retained
for following iterations because small displacement theory applies.

2) Evaluate the onset of buckling using the internal loads obtained
in step 1 based on analytical plate buckling criteria and an interaction
equation.

3) If buckling does not occur, stop. Otherwise, calculate the post-
buckling relaxation of plates under compressive load σxc and σyc ,
the post-buckled shear distortion γxyDT , and the associated diagonal
tension σxDT and σyDT .

4) Calculate the postbuckling strains �εx and �εy to relieve the
compression and shear load that exceed the plate capability.

5) The postbuckling strains calculated now become the prestrains
for the next iteration.

6) If the ratio of the final compression stress σxc and σyc in the
buckled plate to the modified critical buckling stress σxcr and σycr

approaches unity and the diagonal tension stress σxDT and σyDT con-
verges, stop. Otherwise, go to step 1.

III. Verification of the Grisham Algorithm
To verify the results of our implementation of Grisham’s algo-

rithm, we consider the simple structure with six panels schemati-
cally shown in Fig. 1a. Detailed geometric and loading detail may
be found in Ref. 5. The panel width-to-depth ratios are 1:2.85, and
the web material is 2024-T3 alloy sheet with a thickness of 0.635
mm. The two T-shaped flanges are fabricated from 7075-T6 alloy
extrusions and the angled uprights from 2014-T6 alloy.

Two different methods are used to solve the problem, namely,
the modified Wagner equations based on Refs. 1 and 2 and the
NACA approach.6,7 The results of both these approaches are then
compared to the current implementation of the Grisham4 algorithm.
Numerical results are presented in Table 1. In Table 1, the results
for panels 1 and 6 are ignored because they include edge effects that
are not accounted for in the NACA or Wagner approaches. Only
five iterations are required for the Grisham results; this means that
the system equations are solved only five times, while the stiffness
matrix remains constant throughout.

The results for the four panels obtained with the Grisham algo-
rithm are very similar and compare closely to those of the other
two methods. The value of the diagonal tension factor k obtained
with the Grisham algorithm is slightly lower than that of the NACA

Table 1 Comparison between Grisham algorithm, modified
Wagner equations, and NACA approach

Grisham algorithm
Modified

Variable Panel 2 Panel 3 Panel 4 Panel 5 Wagner NACA

k 0.649 0.673 0.673 0.635 —— 0.690
α, degrees 42.1 42.0 42.0 42.2 43.0 41.3
τxy , MPa 126.9 127.3 127.2 127.3 130.4 135.1
τcr, MPa 2.624 2.624 2.624 2.624 2.358 2.551

a) Geometry

b) Definition of the section points

Fig. 1 Verification example: cantilever beam found in Ref. 5.

method. The Grisham algorithm takes into account compression–
compression buckling in both directions through an interaction
equation that has an effect on the magnitude of the diagonal ten-
sion. In the NACA method, this is not taken into account, result-
ing in conservative predictions. (When the effect of compression–
compression buckling is neglected in Grisham’s method, the NACA
result of k = 0.69 is obtained exactly.) The foregoing results are
quite accurate, notwithstanding the coarse finite element mesh. Lit-
tle is to be gained by mesh refinement (not shown).

The critical shear stress τcr (the shear stress at the onset of buck-
ling) for the Grisham algorithm and Wagner approach are based on
analytical relations that depend on geometry and material proper-
ties. The NACA critical shear stress τcr includes empirical data in its
calculation, relating to the stiffness of the flanges and uprights. The
large difference between the critical shear stress value τcr and the
total web shear stress shows that the final load carried by the panel
is almost 50 times higher than initial buckling shear stress. The low
value of τcr is a result of the relatively thin plate (t = 0.635 mm).

IV. Comparison with a Nonlinear Finite
Element Analysis

In this section, the Grisham algorithm results for the verification
problem obtained in the preceding section are now compared with
the results of a complete nonlinear finite element analysis. Global
load control methods, for example, the arc-length control method
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a) Onset of shear buckling, after 13 load increments

b) Excessive shear buckling at the end of the analysis, after 102 load
increments

Fig. 2 Verification example: development of shear buckling with the
nonlinear finite element analysis.

proposed by Riks8 and Wempner,9 are suitable for global buckling
and postbuckling analysis. However, they are not ideal when the
buckling is localized (when there is a local transfer of strain en-
ergy from one part of the model to neighboring parts). Alternatives
are to analyze the problem dynamically, or to introduce an artificial
damping factor. In the dynamic case, the strain energy released dur-
ing local buckling is transformed into kinetic energy; in the damping
case the strain energy is dissipated. To solve a quasi-static problem
dynamically is expensive, however. Hence, the modified Riks8 al-
gorithm, combined with damping, is selected as an analysis option
in the ABAQUS® environment.

The onset of shear buckling occurs at an applied load of 1552 N,
resulting in a nominal shear stress of τcr = 3.370 MPa, which is
slightly higher than the values predicted by the Grisham algorithm
(τcr = 2.624 MPa), the Wagner method (τcr = 2.358 MPa) and the
NACA approach (τcr = 2.551 MPa). The nonlinear finite element
method takes the torsional stiffness of the flanges and uprights into
account and, therefore, gives a more accurate, higher critical stress
value. A less conservative analytical estimate by Fehrenbach10 gives
a value of τcr = 3.195 MPa for this problem.

The out-of-plane displacement results predicted by the nonlinear
finite element analysis are shown in Figs. 2a and 2b. The deflection
of the structure is, of course, another variable that can be used for
comparative and validation purposes. These are as follows. The
bottom node of the loaded end deflects 22.3 mm as predicted by
the Grisham algorithm and 25.05 mm as predicted by the nonlinear
finite element analysis.

A run-time comparison between the Grisham algorithm and the
nonlinear finite element analysis indicates the high efficiency of
the Grisham algorithm from a computational point of view. To do
this effectively, identical mesh discretizations are used for the two
models. The results are shown in Table 2, where the mesh given
represents the mesh for each panel. All analyses were run on a
Hewlett-Packard C200 workstation. It was impossible to ensure that
the machine was not loaded by other users; hence, the results are

Table 2 Total wall-clock times for the Grisham method and
nonlinear finite element analysis as a function of mesh discretization

Time

Mesh Grisham algorithm Nonlinear FEM

3 × 3 31 s 7 min, 42 s
10 × 30 30 min, 39 s 4 h, 59 min

of qualitative value only. Nevertheless, the Grisham algorithm is
notably more efficient. In addition, the meshes used for the Grisham
algorithm may in practice be much less refined than those required
for the nonlinear finite element model (FEM).

V. Structural Optimization
Grisham’s algorithm is attractive for use in optimization because

the computational effort required per function evaluation is rela-
tively low. The algorithm can easily be combined with a well known
but simple optimization algorithm, namely, the genetic algorithm
(GA). In this section, the example considered in the preceding sec-
tions is, therefore optimized with respect to minimum mass, using
a micro (µ) GA (µ-GA) with a binary representation, (for exam-
ple, as by Carroll.11 For simplicity, continuous design variables are
used. Although a GA is not necessarily the best algorithm for the
problem under consideration, it is selected here for ease in using
discrete design variables in future.

The development of this section is as follows: First, the general
optimal design problem is formulated. Next, the GA is briefly out-
lined, where after the differences between a GA and a µ-GA are
outlined. (A µ-GA is based on and is derived from the GA.) The
section then concludes with optimal design results for the example
problem.

A. Objective Function and Constraints
The optimal design problem under consideration is formulated as

follows. Find the minimum f ∗ such that

f ∗ = f (x∗) = minimum f (x) (1)

subject to the general inequality constraints

g j (x∗) ≤ 0, j = 1, 2, . . . , m (2)

where x is a column vector in IRn and f and g j are scalar functions of
the design variables x. Here x is subject to the subsidiary conditions
xl

i ≤ xi ≤ xu
i , with xl

i and xu
i , respectively, representing prescribed

lower and upper bounds on xi . Equation (1) is the objective function.
In our case, f represents the mass of the structure, whereas Eq. (2)
is expressed in terms of allowable stress.

B. GA
GAs12 are stochastic implicit enumeration methods based on Dar-

winism and, in particular, on the natural theory of survival of the
fittest. In brief, GAs attempt to improve the fitness of designs (ex-
pressed in terms of a scalar objective function) in consecutive gen-
erations. The initial generation is populated in a random fashion
with chromosomes representing possible discrete designs. The ge-
netic operators of selection, crossover, and mutation are then used
in a controlled random manner to ensure that fit parents have a high
probability of passing fit genetic material to their offspring.

Even though GAs are infamous for high computational costs (a
large number of function evaluations), GAs are attractive to engi-
neers, because their construction is quite simple. Numerous appli-
cations of GAs in engineering optimization have been presented. In
addition, GAs are also suitable for implementation on massively par-
allel processing machines and lend themselves to be tailored accord-
ing to the behavior of the objective function under consideration.13

The most important aspects of a GA are briefly described in the
following subsections.14

1. Representation of Design Variables
We consider an initial design population, constituting of e design

vectors (or strings in GA jargon) x, created by a random selection
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of the variables in the variable space for each design. The values of
the variables in the strings must be represented by a unique coding
scheme. We opt for binary coding, which is powerful, frequently
used, and above all simple.

2. Selection
The selection operation selects e strings from the current pop-

ulation to form the mating pool. The strings corresponding to fit
objective function values have the greatest chance to be selected for
mating and, hence, to contribute to future generations. Although a
large number of different selection processes are possible, we dis-
cuss only tournament selection.

Tournament selection simulates the process in which individuals
compete for mating rights in the population.11 In the GA, e tourna-
ments are held between a subgroup of strings chosen randomly from
the existing population. The design from each tournament with the
lowest function value is selected for the mating pool.

3. Crossover
After selecting e strings for the mating pool, new designs are

explored by the crossover process. Crossover allows selected indi-
viduals to trade characteristics of their designs by exchanging parts
of their strings. The mating pool strings are randomly grouped into
pairs, and a breaking point in the strings for each pair is chosen
randomly. The values at the string positions after the breaking point
are interchanged between the pair and the new designs are copied to
the new generation. Crossover for each pair is applied with a given
probability pc, usually between 0.6 and 1.

4. Mutation
The mutation operation protects against complete loss of genetic

diversity by randomly changing bit values in a string. For each bit in
the population, a random number is generated, and the bit value is
changed if the random number is less than the prescribed probability
of mutation pm . Mutation typically occurs at low probability, else
convergence can be impaired.

C. µ-GA
A µ-GA is an implementation of the GA in which rebirth replaces

mutation. The basic idea is to use very small populations, for exam-
ple, five individuals. It is then hoped that the small population con-
verges very quickly, where after one or at most two individuals are
retained using tournament selection. The remaining individuals are
then killed off and randomly repopulated, a process called rebirth.

Rebirth was first proposed by Galante.15 The implementation of
Carroll11 is similar to that of Galante,15 except that Galante used
larger generations than the norm in the µ-GA. In addition, Galante
retained mutation, which probably is superfluous.

Table 3 Case 1, optimum results using µ-GA

Initial Final
Variable Description value value Bounds

x1 Lower flange area, mm2 243.87 201.0 100 ≤ x1 ≤ 250
x2 Upper flange area, mm2 435.48 400.4 200 ≤ x2 ≤ 450
x3 Upright area, mm2 151.21 150.4 50 ≤ x3 ≤ 170
x4 Web thickness, mm 0.635 0.5188 0.3 ≤ x4 ≤ 0.9

Table 4 Case 2, optimum results using µ-GA

Variable Description Initial value Final value Bounds

x1 Lower flange area, mm2 243.9 197.7 100 ≤ x1 ≤ 250
x2 Upper flange area, mm2 435.5 396.5 200 ≤ x2 ≤ 450
x3 Area of upright 2, mm2 151.2 140.1 50 ≤ x3 ≤ 170
x4 Area of upright 3, mm2 151.2 142.8 50 ≤ x4 ≤ 170
x5 Area of upright 4, mm2 151.2 138.5 50 ≤ x5 ≤ 170
x6 Area of upright 5, mm2 151.2 141.1 50 ≤ x6 ≤ 170
x7 Area of upright 6, mm2 151.2 141.9 50 ≤ x7 ≤ 170
x8 Panel 2, web thickness, mm 0.635 0.506 0.3 ≤ x8 ≤ 0.9
x9 Panel 3, web thickness, mm 0.635 0.494 0.3 ≤ x9 ≤ 0.9
x10 Panel 4, web thickness, mm 0.635 0.490 0.3 ≤ x10 ≤ 0.9
x11 Panel 5, web thickness, mm 0.635 0.497 0.3 ≤ x11 ≤ 0.9

Although the “no-free-lunch” theorems16,17 effectively prohibit a
general, exhaustive comparison between the GA and the µ-GA, the
latter has a secondary advantage. A reasonable solution may some-
times be obtained relatively quickly, due to the small generations
typically employed. This may be desirable when evaluation of the
objective function is computationally expensive, for example, when
using nonlinear finite element analyses, and when a visual inspec-
tion of the current best solution can be used to defend additional
computational effort.

An inherent drawback of a µ-GA is that premature convergence
is likely. Criteria for terminating a population are obvious: It can, for
example, be done when a prescribed fraction, for example, 0.8, of the
population has converged to a given value. However, knowing when
enough restarts have been made is not simple and will probably be
influenced by factors such as computational effort and the quality
of the solution found to date.

D. Optimization of the Verification Example
The minimum-mass design of the stiffened shear webs is taken

as the objective function, whereas the design variables represent the
dimensions of the six panels. The single constraint g considered in
the optimization phase is the maximum allowable prescribed post-
buckled stress expressed as

g = τmax
xy − τ pres

xy (3)

where τ
pres
xy is the prescribed, maximum allowable postbuckled

stress. The objective function is then formulated as

f =
l∑

k = 1

mk + µρ(g)2 ρ > 0 and prescribed (4)

where l is the number of structural members, m the mass of member
k, and

µ =
{

0 if g ≤ 0

1 otherwise (5)

Furthermore, a large number of bound constraints are included to the
single constraint on stress to ensure validity of the solution. These
constraints are all expressed in terms of the relationships given by
Grisham’s method4 and are included in Tables 3 and 4, which give
the numerical results.

The example is optimized using two different sets of design vari-
ables. First, 4 geometric variables are selected, where after 11 ge-
ometric variables are used. With reference to Fig. 1a, the design
variables for case 1 are the upper flange area, the lower flange area,
the upright area (all equal), and the web thickness (all equal). For
case 2, the variables are the upper flange area, the lower flange area,
the area of uprights 2–6 (all different), and the web thickness of
panels 2–5 (all different). In both cases, panels 1 and 6 are assumed
to be of prescribed geometry.

1. µ-GA Parameters
In the implementation of the µ-GA, we use a small population

size of five and a uniform crossover with an 80% probability. One



VILJOEN, VISSER, AND GROENWOLD 747

child per pair of parents is produced, and parent selection is based
on tournament selection. Elitism is included.

Eccentricity of the uprights is taken into account. The cross sec-
tions in the example are used: T sections for the flanges and angle
sections for the uprights. During the optimization phase, the finite
element mesh is never updated or changed in any way from the ini-
tial model. Because we are merely interested in a demonstration of
capability, rather than finding very good optima for the pathological
problem under consideration, the µ-GA is terminated after only 20
generations, namely, 100 function evaluations.

2. Optimal results
For case 1, using the µ-GA, the optimum mass is obtained as

5.52 kg after 37 generations. This gives an 11% saving on mass
from the original mass of 6.12 kg, which is significant in aircraft
structures. At the optimum, the stresses are σmises = 325.8 MPa in the
web and σmises = 392.4 MPa in the flanges. For case 2, the optimum
mass is obtained as 5.366 kg after 23 generations. This gives a
14.08% saving on mass from the original mass of 6.122 kg. This is
very similar to the four-variable case. At the optimum, the stresses
are σmises = 307.7 MPa in the web and σmises = 427.8 MPa in the
flanges. Note that neither case 1 nor case 2 are converged when the
algorithm is terminated because neither the stress constraint nor the
variable bounds are active in either case. Case 2 does produce a more
optimal result. However, the objective of demonstrating an effective
reduction in weight in only 20 generations is achieved quite easily.

VI. Discussion
A. Evaluation of the Grisham Algorithm: Comparison
with Wagner, Modified Wagner, and NACA Approaches

For the verification example studied, the Grisham algorithm gives
comparable results to those obtained using the Wagner and NACA
approaches, with the Grisham algorithm being less conservative.
The web results compared very well. The diagonal tension factor
k is calculated to be between 2.5 and 6.0% lower (depending on
the panel studied). The diagonal tension angle α of 42.2 deg is
roughly halfway between the Wagner and NACA predictions, with
the total shear stress in the web being 6% lower than that predicted
by NACA.

B. Comparison with Full Nonlinear Analysis
Although no diagonal tension factor is obtained from the non-

linear finite element analysis, a qualitative inspection reveals that
the direction of the principle stresses in the nonlinear analysis agree
well with the diagonal tension angle calculated using the Grisham
algorithm.

The web critical buckling shear stress τcr calculated with the non-
linear finite element analysis is slightly higher and less conservative
than that of the other methods (Wagner, NACA, and Grisham). The
agreement between the nonlinear analysis and the Grisham web
stress results are within 22%. The deflection results compare rea-
sonably well, with the Grisham algorithm tip deflection being 11%
lower than that of the nonlinear finite element analysis.

From a computational effort point of view, the Grisham algorithm
is superior by far. Not only is the structure solved using linear elas-
tostatic theory, but effective mesh sizes may also be far more coarse
than meshes used in a nonlinear analysis. Hence, the algorithm can
very effectively be combined with a µ-GA to obtain designs of
increased efficiency during initial design iterations.

VII. Conclusions
We have implemented the iterative procedure proposed by

Grisham algorithm to evaluate the buckling of stiffened, thin-walled
shear panels in aircraft structures. Comparisons with empirical
methods of analysis frequently used in aircraft structures, as well as
a refined, nonlinear quasi-static finite element analysis, confirm the
suitability of the procedure during initial design iterations, as well
as during optimization.

The Grisham algorithm requires only linear finite element analy-
ses and converges very quickly, making it computationally efficient.
In addition, both compressive and shear buckling, and the interaction
between these, are provided for.

Much of the inherent conservatism associated with conventional
methods of analysis is overcome with Grisham’s method, while the
implementation is simpler than a nonlinear finite element analysis.
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